Recently, general methods of bosonization beyond 1+1 dimensions have been developed. In this article, we review these bosonizations and extend them to the case with boundary conditions. In particular, we study the case when the bulk theory is a G-symmetry protected topological phase and the boundary theory has a G 't Hooft anomaly. We discuss how, when the anomaly is not realizable in a bosonic system, the G symmetry algebra becomes modified in the bosonization of the anomalous theory. This gives us a useful tool for understanding anomalies of fermionic systems, since there is no way to compute a boundary gauge variation of the anomaly polynomial, as one does for anomalies of bosonic systems. We take the chiral anomalies in 1+1D and the parity/time reversal anomalies in 2+1D as case studies. We also provide a derivation of new constraints in SPT phases with domain defects decorated by p + ip superconductors and Kitaev strings.
Introduction
A theory is said to have an 't Hooft anomaly if it has a global symmetry G which cannot be gauged while preserving locality of interactions. Anomalies are quantized, so if we can identify an anomaly at weak coupling, it is guaranteed to hold at all energy scales [tH80] . This makes anomalies useful for constraining phase diagrams of condensed matter systems whose long range limit is strongly interacting. Likewise, in high energy theory, anomalies which appear in the UV theory constrain the theory at all energy scales [Bil08, GKKS17] .
Anomalies are characterized by the anomaly in-flow mechanism [CH85] : although we cannot gauge the G symmetry, we can often formulate these Dspacetime-dimensional theories as gauge-invariant boundary conditions for a G gauge theory in D + 1 spacetime dimensions (the "anomaly theory"). In simple situations, the anomaly theory has a vanishing coupling and a topological term, written as a density made out of the gauge field A:
In this case, under a gauge transformation A → A g , S anom (A) begets a boundary variation δS anom (A) = D ω 1 (A, g).
This variation characterizes how the boundary partition function (the partition function of our theory of interest) coupled to the gauge background A fails to be gauge-invariant. Equivalently, ω 1 (A, g) tells us about a kind of higher projective representation of G on the Hilbert space of our theory [CGW11, KT14] . In this way, S anom (A) characterizes the anomaly.
Possible anomaly theories S anom (A) have been classified by supposing that S anom (A) is a cobordism invariant of the auxilliary D + 1-manifold equipped with the gauge field A [Kap14] . This classification implies that for all bosonic systems, the anomaly theory can be written in the form (1). However, for fermionic systems, it is known that not all anomaly theories S anom (A) can be written as an integral of a local density [KTTW15] . In this situation, we do not yet have a good understanding of what the anomaly "means" for the G action on the Hilbert space. The purpose for this paper is to fill in this gap.
The toolbox we use to do so is bosonization. Bosonization/fermionization is a family of correspondences between bosonic and fermionic systems. While bosonization has been properly understood in 1+1D for a long time, bosonization in higher dimensions is new, see [GK16, KT17, CKR18] , and we will review it. We will especially make use of the bosonization of G-symmetry protected topological (SPT) phases [Sen15] , which are nondegenerate, gapped systems with a G symmetry which, when gauged, produces a topological term S anom (A). We will need to extend the known description of these systems in bosonization slightly to include the p+ip superconductors and more general symmetry twists.
At first bosonization seems incompatible with anomaly in-flow. Indeed, it is known that the chiral anomaly (for the Z 2 chiral fermion parity) of a massless free 1+1D Majorana fermion can only be trivialized (meaning we perturb the system into a gapped, nondegenerate, Z 2 -symmetric ground state) if one takes at least 8 such systems and couples them together 1 . In this case we say that the anomaly is order 8. However, the bosonization of the Majorana fermion is the critical Ising chain, which has no anomalous symmetries whatsoever. Further, among 1+1D bosonic systems with a Z 2 symmetry, all anomalies are only order 2, meaning two copies of any 1+1D bosonic system can be gapped out together while preserving all symmetries and introducing no ground state degeneracy.
The resolution of this puzzle lies in the fact that the bosonization of a fermionic SPT is not a bosonic SPT but rather a kind of higher gauge theory [KT13] . When the fermionic anomaly cannot be realized in a bosonic system, this means G is nontrivially extended by this higher gauge symmetry, and so in the bosonization the symmetry algebra is modified in the anomalous theory. An example of this has been seen recently in anomalous 2+1D gapped phases [FVM18] . We show a 1-to-1 relationship between the data of this symmetry algebra modification and the data which presents S anom (A) as a cobordism invariant.
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Overview of Bosonization

0th and 1st Bosonization
Bosonization is a general correspondence between bosonic systems (whose fundamental degrees of freedom are bosonic) and fermionic systems (whose fundamental degrees of freedom are fermionic). We will speak in terms of Lorentzinvariant quantum field theory. In this case a fermionic system just means one whose correlation functions on a spacetime X depend on a choice of spin structure η on X (which may be twisted in the presence of a background gauge field), while a bosonic theory is one whose correlation functions only depend on a choice of orientation of X. Note that in this restricted definition, there are field theories which are neither bosonic nor fermionic, such as those with framing anomalies [Wit89] and those which depend on a w 3 -structure [KT17] . Further, it is possible that a lattice system of fermions gives rise to a bosonic continuum limit.
The simplest form of bosonization, which might be called 0th bosonization, is a transformation whereby, given a fermionic partition function Z f (X, η) (perhaps depending on sources which we supress in the notation), we form the partition function
by summing over all spin structures η of X. The normalization is arbitrary, but we choose it because it reproduces common conventions in 1+1D. Because spin structures are locally indistinguishable, Z b will satisfy cluster decomposition for point operators if Z f does. One can think of it as gauging fermion parity. Thus, Z b is a local bosonic field theory. This transformation works in any dimension. Typically Z b will have some topological degeneracy since the number of spin structures on X is |H 1 (X, Z 2 )|. In particular, the bosonization of the trivial fermionic theory, for which Z(X, η) = 1 for all spun manifolds (X, η) is (noncanonically) equivalent to the Z 2 gauge theory on spin manifolds. Note that the bosonization defines Z b (X) only for spin manifolds X, so the global structure of the bosonization is inherently ambiguous on non-spin manifolds.
An innovation of [GK16] is to make the above bosonization invertible by including neutral probe fermions. One can think of these as Wilson loops W (η, γ) for the spin structure η, where γ ∈ Z 1 (X, Z 2 ) is the worldline. Accordingly we define the 1st bosonization
where, since W (η, γ) depends only on the spin structure, we may pull it out from the integral over all other fields which computes Z f 2 . We will discuss W (η, γ) in more detail later, but for now let us note that given a second spin structure η , that the product W (η, γ)W (η , γ) −1 depends only on the homology class [γ] and satisfies
Thus, we can invert (2) by summing over homology classes of probe fermion insertions:
This backwards transformation is known as 1st fermionization.
In [GK16] , the authors interpreted the worldlines as the domain defects of a D−2-form Z 2 symmetry [KT13, GKSW15] , where D is the spacetime dimension. Indeed for a closed spacetime X, Poincaré duality allows us to express the homology class of the probe worldlines as a cocycle C ∈ Z D−1 (X, Z 2 ), which can be thought of as a gauge background for a D − 2-form Z 2 symmetry. Gauge invariance corresponds to homotopy invariance of the probe worldlines, which typically fails, see below. In any case we re-write (2) as
where we introduce notation which makes the dependence of W D (η, C) on the spacetime dimension especially apparent, since W D (η, C) may only be evaluated on a D − 2 form C. The authors of [GK16] also showed, by studying the gauge transformation properties of W D (η, C), equivalently of W (η, γ) when γ is continuously varied, that the D − 2-form symmetry of the bosonization is anomalous when D > 2, with anomaly 1 2
This anomaly is nontrivial on general manifolds, but is trivializable on spin manifolds. One can think of W D (η, C) as an explicit trivialization, so we can picture the fermionization (4) as a slab, with the dynamical boson degrees of freedom and Z b on one side and the spin structure and W D on the other, which relates this gauge picture of bosonization to the "back wall" construction [ALW17] . Any bosonic theory with a D − 2-form Z 2 symmetry with the above anomaly may be fermionized. In [CKR18, CK18] , the authors also showed how to make the 1st bosonization transformations explicit in general lattice systems. We expect likewise that the results presented here can also be expressed on the lattice, given adequate combinatorial finesse.
SPT Phases
This subject has been explained in great detail (in pieces) in [GW12, Kit15, GK16, BGK17, Bha17, KT17, WG17, LZW18], so we will be very episcopal, attempting to tie together the different approaches and extending them slightly. Our purpose is to highlight a symmetry interpretation of the cocycles ν j which appear in the classification of SPT phases and to motivate higher bosonization. We also point out the many places where the theory is unfinished and comment on our expectations for what it will look like.
An important application of the bosonization program is the classification and construction of symmetry protected topological (SPT) phases, which are gapped, invertible (ie. short-range-entangled (SRE)) theories with a global symmetry G. It is known [KTTW15, FH16] that such phases are classified for fermionic systems by the so-called spin cobordism groups Ω D spin (BG, ξ), where D is the spacetime dimension and ξ is a real representation of G which encodes the orientation-reversing and anti-unitary character of the symmetry as well as its interaction with fermion parity. The elements of this group are partition functions of such gapped, invertible phases on closed spun D-manifolds (X, η) with a background G gauge field A:
There is a mathematical device for computing the group Ω D (BG, ξ) in terms of the groups
called the Atiyah-Hirzebruch spectral sequence (AHSS) [ASSH72] , where Ω k spin ( ) is the group of k-spacetime-dimension fermionic SRE phases with no assumed global symmetry. A natural interpretation of an element of
is a decoration of a k-dimensional defect of G-domain walls with a k-dimensional fermionic SRE phase. Thus, the AHSS says roughly that we need only specify all these decorations to specify the SPT phase, in line with the intuition of [CLV14] . Note that orientation-reversing or anti-unitary elements of G act nontrivially on these coefficient groups.
For example, Ω 1 spin ( ) = Z 2 describes the two fermionic "SRE" phases for a quantum mechanical particle, that is, a particle with a unique ground state. This ground state can either be bosonic or fermionic, in the latter case its partition function is +1 on the anti-periodically spun circle but −1 on the periodically spun circle, meaning its partition function generates Ω If we just consider decorations by these two classes of objects 3 , we get a sub-group of the full group of fermionic SPT phases. This sub-group was first constructed (on the lattice) by Gu and Wen [GW12] . For Lie groups, this subgroup was considered in [Fre08] , so we call them the Gu-Wen-Freed phases. The Gu-Wen-Freed phases are important for us because they are the ones for whom the 1st bosonization yields a B D−1 Z 2 × G bosonic SPT [KT13] , where
and 0 in all other degrees) which arose from the probe fermion insertions. This subgroup of phases is typically not just a product
, but its elements are described by pairs
where Z ξ indicates coefficients twisted by the determinant of ξ, and which satisfy the Gu-Wen-Freed equations [GW12, Fre08] :
where d G is the twisted differential, which describes how orientation-reversing and anti-unitary symmetries in G reverse the sign of the Berry number, ie. how G acts on Ω −1 spin ( ), and where w 2 (ξ) is the 2nd Stiefel-Whitney class of the twisting bundle ξ, which describes the central extension of G by the fermion parity (and depends on the G gauge field). The twisted differential may be written
The generalization we write here only appeared recently in [LZW18] , while the older constructions of [GW12] only considered the untwisted case ξ = 0. We provide a derivation in Appendix A. When G is a finite group, we can replace ν −1 with ν 0 ∈ C D (BG, U (1) ξ ) satisfying the more familiar form of the equation
which has the interpretation that ν 0 is "half" of a bosonic SPT phase when ν 1 + w 2 (ξ) is nonzero. In particular it means that the subgroup of Gu-WenFreed phases is typically a nontrivial extension of the bosonic phases by (a subquotient of)
In 1st bosonization, the interpretation of ν 1 is a homomorphism
which describes how although the total G × B D−1 Z 2 symmetry of the bosonization is anomalous, there is a subgroup
which is anomaly free, and which thus represents the physical G symmetry. This means that if we want Z b to have an anomaly-free G symmetry, we must define it by
where ω(A) is a local counter-term. In fact, using the expression of the anomaly (6), the anomaly-vanishing condition is precisely the Gu-Wen-Freed equation, and ν 0 = ω 0 (which could be realized when G is continuous instead as a higher Berry curvature ν −1 [KT19] ). The Gu-Wen-Freed phases are precisely the fermionic SPTs for which one may choose ν 1 , ν −1 so that (10) is a topological G × B D−1 Z 2 gauge theory. Choosing it to be the untwisted such gauge theory (with Z b (A, C) = 1 on all closed spin manifolds) defines ν 1 and ν −1 up to local expressions which are trivial on spin manifolds. In this way, we can invert the above, to write the very useful expression (compare [GK16, BGK17] )
Higher Bosonization
We would like to obtain an expression like (11) for general fermionic SPTs. To do this via the AHSS, we will need to consider extended fermionic probes. For instance, we can insert a Kitaev wire [Kit01, FK11] along a worldsheet Σ in spacetime, or a p + ip superconductor [Vol09] along a 2+1D worldvolume V . These represent the generators of fermionic SRE phases in 1+1D:
and in 2+1D: Ω 3 spin ( ) = Z, respectively, and therefore detect other aspects of the topology of (X, η). Expressing these probe insertions in the path integral we obtain functions
for valid worldsheets Σ of Kitaev wires and valid worldvolumes V of p + ip superconductors. It is known that when Σ is spin, W (η, Σ) is the Arf invariant of (Σ, η) [KT91, KTTW15] , and when V is spin, W (η, V ) is the exponentiated eta invariant of the Dirac operator [KTTW15] . The next smallest fermionic SRE phase one might consider is all the way up in 6+1D dimensions, corresponding to a 6+1D gravitational Chern-Simons-like (or thermal Hall-like) system. For us, these two extended probes, Kitaev wire and p + ip, will be enough.
It was shown in [KT17] that we can relax the condition that the Kitaev wire worldsheet Σ is spin. It is known that the Kitaev wire admits an anti-unitary symmetry with T 2 = 1 [FK11] , which allows it to be defined on any closed pin− surface [KTTW15] . Unfortunately one cannot enforce by an equation like the Gu-Wen-Freed equation the constraint that Σ is pin−. However, given a local framing of X (ie. a choice of local coordinate systems), we can define a restriction of η to Σ which is pin− away from some isolated points [KT91] . These are the points such that if we restrict η to the boundary of a small disc D in Σ containing the point, then we see the periodic spin structure on ∂D, equivalently a fermionic π-flux, indicating that the induced spin structure on ∂D does not extend over D.
It is known that if the Kitaev wire is compactified on a circle with periodic spin structure, it has a unique, fermionic ground state . Thus, we can imagine that at each of these isolated points, a neutral fermionic particle is created from the string. Recall the collection of these neutral fermionic particle worldlines γ is encoded in Poincaré duality by a D − 1-form C 1 . This argument says that
where
is Poincaré dual to the Kitaev wire worldsheets, which we may assume are closed, in the absence of more extended probes. In [KT17] , this constraint was also related to the S matrix of the Ising TQFT, and much more was said about the fermion parity of knotted Kitaev wires. An aside, it is basically a coincidence that (12) resembles the Gu-Wen-Freed equation (9) so closely. When we add symmetry twists, studying this system on non-spin manifolds, we will find that the two extensions of these equations, (7) and (18), are slightly different. In general, all differentials (the complete set of constraints which the decoration data must satisfy) in the AHSS are made from Sq 2 and Sq 1 and sometimes there are not so many options [Tho54] . See the appendix for more information.
Given such a pair of worldsheet Σ and worldlines γ with boundary, we can thicken the worldlines into small tubes, with periodic spin structure in the crosssection, and glue these tubes to the worldsheet Σ to obtain a pin− surface. Evaluating the Arf-Brown-Kervaire invariant [KTTW15, KT91] on this pin− surface yields an 8th root of unity, and defines the spin factor
By construction, it satisfies
We can think of (C 1 , C 2 ) as a higher gauge field with gauge (D − 2)-group E 2,D which has Z 2 in degree D − 2, Z 2 in degree D − 3, and a Postnikov class Sq 2 C 2 corresponding to (12) [KT13] .
We thus define the 2nd bosonization
The 2nd bosonization restricts to the first bosonization by setting C 2 = 0 (this informs our choice of normalization). As with 1st bosonization, 2nd bosonization is invertible. Given a second spin structure η ,
depends only on the cohomology (gauge equivalence) class [C, B], and
This is because, while W (η, C 1 , C 2 ) depends on the cocycles C 1 , C 2 , its gauge variation is independent of η. Indeed, it varies according to a bosonic anomaly extending Sq 2 C 1 of (6) to (C 1 , C 2 ) [KT17] . Likewise one can define 3rd bosonization by the inclusion of p + ip superconductors, and likewise there is an infinite tower of higher bosonizations, the next one being the 7th bosonization, relevant in 6+1D [KTTW15] . The definition of the spin factor for p + ip superconductors is beyond the scope of this work, but we expect it to be subject to a constraint
beginning in 4+1D when the p+ip superconductor is codimension 2, where
is Poincaré dual to the p + ip worldvolumes. The physical meaning of this constraint is that Sq 2 C 3 indicates where the spin structure projected to the p + ip worldvolumes has a particle-like singularity [Tho54, KT17] . This is equivalent to a vortex in the p + ip order parameter [GS18] , which is known to carry a Majorana zero mode [Vol09] . Accordingly, this singularity must lie at the boundary of a Kitaev string worldsheet, which is the meaning of (14).
Because the Kitaev string worldsheets are no longer closed, the presence of C 3 must also complicate (12). Verifying this, and constructing the spin factor, will be very important for understanding anomalies of 3+1D fermionic systems by bosonization. We leave this to future work.
More SPTs
2nd bosonization with ξ = 0
If we have an anomaly-free global symmetry of a fermionic SPT, we expect again that the anomaly-free symmetry of the 2nd bosonization to be some subgroup of the full symmetry embedded as
We can express [KT13] this map as a pair
As before, we wish to choose ν 1 , ν 2 so that the gauge variation of
can be cancelled by a local counterterm. In [KT17] , this was expressed as an anomaly-vanishing condition and the anomaly class was computed as a cohomology elementS
which restricts to Sq 2 C 1 when C 2 = 0, yielding the Gu-Wen-Freed equation. In [WG17] , a different, presumably equivalent expression was given toSq 2 (C 1 , C 2 ). In summary, we need a ν −1 ∈ C D+1 (BG, Z) satisfying
When G is finite it is enough to have a ν 0 ∈ C D (BG, U (1)) satisfying the higher Gu-Wen-Freed equation
Together, this data gives us a construction of the partition function of many interesting fermionic SPTs, via
which is analogous to (11) and we describe χ shortly. For more on this expression, see [KT17] . For us, we need only be aware of its general form and that it exists. It will later allow us to describe the chiral anomaly of the 1+1D Majorana fermion. In (17), to guarantee the constraint (12) it is necessary to introduce a universal cross-term χ(C 2 , ν 2 (A)) which satisfies
One solution for χ is
using the ∪ i products of Steenrod [MT08] .
When there is a twist ξ, indicating an anti-unitary or orientation-reversing symmetry, or a symmetry which squares to fermion parity, then the Postnikov constraint (15) and the Gu-Wen-Freed equation (16) will be modified. To see the required modifications, we just need to work with a spin structure on T X ⊕A * ξ rather than on T X [ KTTW15, FH16] , and consider its projections to the Kitaev string worldsheets. In this case, (15) becomes modified to
One can prove this mathematically since the right hand side must be a stable cohomology operation made from Sq 2 , Sq 1 , w 1 (ξ), and w 2 (ξ) [Tho54, FH16] . Checking a few cases then determines (18). We show a derivation in Appendix B.
We expect that there will be a stable cohomology operationSq 2 ξ (ν 1 , ν 2 ) for ν 1 , ν 2 satisfying (15) which defines the Gu-Wen-Freed equation by
generalizing (16). Such a cohomology operation can be shown to exist but it has not been explicitly constructed. Let us point out however that even in 2+1D, where dν 1 and dν 2 are both zero, so that fermion particle number and Kitaev string flux are separately conserved, there is still a nontrivial contribution of ν 2 to the Gu-Wen-Freed equation. It is (generalizing [GK16, BGK17] )
which can be determined using functoriality of the AHSS and checking several cases. We leave the explicit verification of this and the Gu-Wen-Freed equations in higher dimensions to future work.
3rd bosonization
However, to describe all the 2+1D and 3+1D SPTs, we will also need to include decorations by p + ip superconductors along 2+1D volumes, described in Poincaré duality by a (D − 3)-form C 3 ∈ C D−3 (X, Z) (with some kind of Dirichlet boundary condition in the case ∂X = 0). We expect certain 2+1D G-gauge defects carry p + ip superconductors, described by a cochain
where Z ξ indicates twisted coefficients, which amounts to the fact that the p+ip phase is chiral, meaning an orientation-reversing or anti-unitary symmetry exchanges it with its inverse phase p − ip, so such elements of G act by the Z 2 automorphism n → −n on Z. Precisely, the coefficients Z are twisted by the determinant of ξ. Note because of the absence of more extended probes (guaranteed whenever D < 7), we are not worried about nonconservation of p + ip membranes, so ν 3 is a cocycle.
In 2+1D, when there are no orientation-reversing or anti-unitary elements,
simply indicates how many p + ip superconductors there are layered with a torsion SPT to form the SPT corresponding to ν 3 , ν 2 , ν 1 , ν 0 , similar to how in 1+1D, a nonzero ν 2 ∈ H 0 (BG, Z 2 ) indicates the presence of a Kitaev wire. Equivalently ν 3 /2 is the chiral central charge of the boundary modes. When G does contain such elements, however,
and there is no possibility for a p + ip superconductor. In 3+1D, with no orientation-reversing or anti-unitary elements,
which is zero unless G contains a subgroup isomorphic to Z, such as a discrete translation symmetry subgroup. For such phases with a nonzero ν 3 , we have a stack of p + ip superconductors along the translation. In fact, writing the smallest translation as t, ν 3 (t) ∈ Z tells us the number of p + ip superconductors in each layer. In 3+1D with orientation-reversing or anti-unitary elements, it is possible to have H 1 (BG, Z ξ ) = 0 even when G is finite. For instance, if G = Z 2 with the nontrivial action on Z,
This indicates that the Z 2 domain wall carries a p + ip superconductor. This is familiar from the study of the 3+1D topological superconductors with T 2 = (−1) F , where there is the possibility of breaking time reversal symmetry in two opposite ways on an otherwise symmetric boundary, yielding a domain wall carrying a c = 1/2 mod 1 chiral mode [MFCV14, FCV13] . We will discuss this phase more below. It would be very interesting to present the analogous expression (17) for the partition function of these topological superconductors.
We wish to understand how the presence of p + ip defects changes the Postnikov constraints and the Gu-Wen-Freed equation. In Appendix C, we derive the d 2 differential for these p + ip membrane phases:
Physically, the right hand side corresponds to certain curve-like singularities in the p + ip worldvolumes where Kitaev wires are created, in fact these are the Majorana zero modes along the worldlines of p + ip vortices [Vol09] , cf. the discussion around (14). This constraint can be verified using the naturality of the AHSS and the fact that the right hand side is a stable cohomology operation.
The Postnikov constraint (20) will also complicate the Postnikov constraint for dν 1 (conservation of fermion parity) and the Gu-Wen-Freed equation for dν 0 (equivalently dν −1 ). These equations have not yet been worked out and we leave it to future study. However, for D = 3 + 1 and time reversal symmetry with T 2 = (−1) F , we have Sq 2 ν 3 = 0 since ν 3 is only a 1-cocycle (since p + ip defects are codimension 1 they always have w 2 (N V ) = 0) and w 2 (ξ) + w 1 (ξ) 2 = 0. In this case, we simply have
meaning there are no vortices present on the p + ip defects and so the Kitaev strings are conserved. In this case one can also find that (18) is unmodified, although we still do not know the Gu-Wen-Freed equation in this case. However, for understanding the modification of the time reversal symmetry algebra in 3rd bosonization, this will be enough.
1st Bosonization with Boundary
We wish to consider the problem of bosonization for systems with boundaries.
In this situation, we have a fermionic theory defined on a spun D-manifold (X, η) with boundary ∂X = Y . Along the boundary we have a splitting
where N Y is a line bundle which is trivialized by identifying a neighborhood of Y with the "collar"
where Y × 0 = ∂X, and choosing a coordinate system where the first n − 1 coordinates are parallel to Y and the last coordinate is the perpendicular coordinate along the interval [0, 1]. With this choice of trivialization of N Y , a spin structure η on X canonically determines a spin structure η| Y on Y . Thus we will assume that the fermionic degrees of freedom localized to the boundary couple to the spin structure η| Y , so the fermionic theory has partition function Z f (X, η) with no extra choices. Recall the 1st bosonization is constructed by introducing fermion probe particles, and using Poincaré duality to relate the worldlines of these particles to the domain defects of an anomalous higher symmetry. We do the same in the presence of a boundary, except now the proper tool is Poincaré-Lefschetz duality, which says that the 1-cycle γ is equivalent to a pair of gauge fields:
This means that C is an D − 1-form gauge field on X and B is a Dirichlet boundary condition which says C| Y is gauge-equivalent to the zero connection.
The duality lets us define the spin factor by
Then we define the 1st bosonization with boundary as
As before,
and we have
as follows. If γ is supported away from the boundary, then C|Y = 0, and B = 0 and clearly
Oppositely, when γ is supported only on the boundary, then C = 0, dB = 0 and we have
This means that the bosonization of the bulk-boundary system is closely related to the bosonization of the boundary theory, but note that even when the bulk is the trivial theory, the bosonization will only sum over spin structures on Y which extend to X. In particular, the bulk-boundary bosonization is unaware of any fermionic SRE phase on the boundary. This will become an important point for us later. We mention that another consistent bosonization of Y when X carries the trivial theory would be to sum over all bounding spin structures ("summing" over the filling X). We won't use this bosonization in this paper though.
1st bosonization of Gu-Wen-Freed anomalies
Now we consider 1st bosonization for a Gu-Wen-Freed G-SPT with symmetric boundary. This means we have a G-SPT on X described by ν 1 , ν −1 or ν 1 , ν 0 in the finite G case, satisfying the Gu-Wen-Freed equation (9), and a G-symmetric boundary theory on Y = ∂X, which is typically gapless. We wish to bosonize the whole thing. Let A denote the background G gauge field A ∈ Z 1 (X, G), with free boundary conditions on Y (which we can do as long as the G symmetry is preserved in the boundary theory). Recall ν 1 (A) represents a particle-like defect binding a neutral fermion. The condition that these worldlines carry a Z 2 quantum number (meaning they have no free ends) translates in Poincaré-Lefschetz duality to d(C + ν 1 (A)) = 0 mod 2 (24)
The first follows from dC = dν 1 (A) = 0 mod 2, but the second is a key equation. If we consider the case C = 0, meaning the probe fermions are restricted to the boundary, then it becomes dB = ν 1 (A) mod 2.
This implies when [ν
1 (A)] = 0 ∈ H D−1 (BG, Z 2 ) thatthe global G symmetry is nontrivially extended by the B D−3 Z 2 symmetry which couples to B! For example, when D = 3, we are studying anomalies of fermionic systems in 1+1D, the usual setting for bosonization. We have found that if the G anomaly of the fermionic system is of Gu-Wen-Freed type, but not equivalent to any bosonic G anomaly, it means that when we bosonize, obtaining a 1+1D bosonic theory with a global Z 2 symmetry, that G is nontrivially extended by this Z 2 symmetry. This resolves the apparent contradiction that fermionic systems have more G anomalies than bosonic systems but are supposed to be equivalent by bosonization/fermionization.
1+1D Chiral U (1) Anomaly
Before we get too lost, let's discuss a concrete example of this.
Consider a free massless Dirac fermion in 1+1D. The fermion number of this theory is a conserved integer N , which may be considered a sum of occupation numbers N = N L + N R from the left-moving and right-moving sectors, respectively. It's known that the corresponding chiral U (1) L,R symmetries can only be consistently coupled to a background gauge field on the boundary of a U (1) SPT phase with Chern-Simons level ±1. We wish to describe this situation in bosonization. Here D = 3. First of all, the level 1 Chern-Simons term contains a hidden dependence on a spin structure [BM05] , which in bosonization is encoded in a nontrivial ν 1 . To see this, we study a 2π-flux for the U (1). An odd level Chern-Simons term decorates the bare 2π-flux with an odd electric charge, so the physical 2π-flux is a fermion. Thus, the proper spin factor to use in bosonization is
where c 1 (A) is the first Chern class of A. In other words, ν 1 (A) = c 1 (A) mod 2. This means that in the boundary theory, we expect the U (1) group relation will only hold up to the Z 2 gauge symmetry of B. Denoting the boundary U (1) charge Q and the Z 2 charge s, ν(A) = c 1 (A) mod 2 means e 2πiQ = (−1) s .
We will verify this prediction by studying the torus partition functions of the Dirac fermion. On a torus, the spin factor W 2 (η, B) for B one of the four Z 2 gauge backgrounds +/+, +/−, −/+, −/− 4 and for η one of the four spin structures AP/AP, AP/P, P/AP, P/P is encoding in the follow matrix:
W (η, C) AP/AP AP/P P/AP P/P +/+ 1 1 1 1
The four partition functions of the free Dirac fermion on a torus with shape parameter τ , and q = e 2πiτ are [FMS12] Using the table above, we find, for example the untwisted partition function of the bosonization:
This is the partition function of the compact boson at radius R = 2, as is wellknown to be expected. To figure out how the background gauge field should couple to the compact boson, we can use the bosonization relations to compute
So the Z 2 charge operator s = n.
To identify how the chiral U (1) L symmetry acts on the compact boson, we perform the bosonization transformation in the presence of a flat gauge background 1/θ for A, that is with a twist e iθQ along the temporal cycle and untwisted in the spatial direction. For the fermion, this means we add a phase e iθa in the sum over characters computing the AP/ partition functions, while for the P/ partition functions we use e iθr .
Note that in this later expression, since r is a half-integer, there is a choice of branch of the logarithm. We choose θ ∈ [0, 2π), but this choice does not affect our computation of the anomaly. Taking these partition functions through the bosonization transformations, we find
Thus we can identify the chiral U (1) L charge with
In particular we find e 2πiQ = (−1)
Given ν 1 (A) = c 1 (A) mod 2, there are still infinitely many choices for ν −1 (dA/2π), equivalently ν 0 (A), satisfying the Gu-Wen-Freed equation:
given by
which we recognize as the odd-level U (1) Chern-Simons terms.
5
To determine the level, we need to study the charge of the magnetic flux. We can obtain the partition function
2 from a modular transformation of Z b (+/+, 0/θ). This partition function indicates that the θ flux operator carries θ/4π charge, indicating a level k = 1. Note that an equivalent interpretation is that we've found that the 2+1D bulk π-flux has a topological spin e iπ/4 , corresponding to ν = 2 in Kitaev's 16-fold way upon Higgs'ing from U (1) to Z 2 [Kit06] . The extension class ν 1 (A) corresponds to the ν = 2 mod 4 fusion rule for the vortices a ⊗ a = .
If we repeat the calculation for U (1) R we expect to find the inverse anomaly k = −1, since applying a parity-reversing transformation to the previous U (1) 1 coupled to U (1) L setup takes U (1) L to U (1) R and U (1) 1 to U (1) −1 . In the case of U (1) = U (1) R symmetry, we find that the charge is now
again with e 2πiQ = (−1) s .
Now however
so the θ flux has charge −θ/4π, yielding the opposite anomaly U (1) −1 . This corresponds to ν = −2 in Kitaev's 16-fold way. Note that we could've chosen another branching of the logarithm to define Q in the twisted sectors, using −e iθr rather than e iθr (this amounts to a shift θ → θ + 2π). In terms of Q, this means
Because s = n, these different choices correspond to a symmetry of the anomaly theory:
This does not change the Chern-Simons level, so the anomaly does not depend on our choices. In general such automorphisms amount to shifts of the ν j by coboundaries.
2nd bosonization and more general anomalies
Now we wish to discuss the case that the fermionic SPT phase in the bulk is not of Gu-Wen-Freed type, instead described by ν 2 , ν 1 , ν 0 ∼ ν −1 . To do this, we will need to describe 2nd bosonization in the presence of a boundary. As before, the trick will be to express the configuration of Kitaev wire and fermionic particle probes by Poincaré-Lefschetz duality. One finds that Σ, γ are expressed by
where β 1 (C 2 , B 2 ) is a 1st descendant of the Postnikov class Sq 2 C 2 (expected to appear in Dirichlet boundary conditions because of its role in higher gauge transformations [KT13] ), meaning
It's necessary to include it so that the last boundary condition is compatible with the Kitaev wire worldsheet constraint (12). Because the Steenrod squares are stable cohomology operations [MT08] , there is a choice of β 1 such that
This is very satisfying, since it shows that on the boundary in the absence of bulk probe fermions we get an E 2,D−1 -gauge field B = (B 1 , B 2 ), as in the case of 1st bosonization. This pattern is expected to hold for all higher bosonizations because the groups of fermionic SRE phases are all abelian and form a spectrum whose Postnikov classes are all stable cohomology operations (built out of Sq 1 and Sq 2 ), which follows from [KTTW15, FH16] . To include a global G symmetry, we make the replacements C 2 → C 2 +ν 2 (A) and C 1 → C 1 + C 2 ∪ D−1 ν 2 (A) + ν 1 (A) as before, to find:
When C 2 and C 1 are zero, meaning the probes lie only on the boundary, this becomes dν 2 (A) = 0 mod 2 (26)
Two of these are bulk constraints, and the other two describe a nontrivial extension of the boundary G symmetry by the (D − 2)-group E 2,D , as we saw in the Gu-Wen-Freed case. We expect this general structure holds for all higher bosonizations. Note that we have not included the twisting ξ, but once the twisted Postnikov constraints such as (18) are fully understood, this will be a straightforward of our discussion.
1+1D Chiral Z 2 Anomaly
Let us now consider the example of a massless free Majorana fermion in 1+1D. The fermion number of this theory is only conserved modulo 2, but like the Dirac fermion can be considered a sum of fermion parities from the left-moving and right-moving sectors. We study the anomalous Z 2 symmetries corresponding to the left-moving and right-moving chiral fermion parities, (−1)
The anomaly theories of these symmetries are a bit harder to understand than the chiral U (1) anomaly, because they are not Chern-Simons theories (or even spinDijkgraaf-Witten theories) and require 2nd bosonization to describe. Instead, it is known that the anomaly theory is nonabelian, related by bosonization to the double Ising TQFT (odd ν in Kiteav's 16-fold way [Kit06] ).
To verify this we can study the symmetry fluxes. Let us denote the partition function of the left-movers on a torus with spin structure η as Z L (τ, η) and Z R (τ , η) for the right-movers. Denoting by A L a background gauge field for (−1) F L , and A R for (−1) F R then the twisted partition function of the Majorana fermion in these backgrounds may be defined as
In particular, on an AP/AP torus with (−1) F L symmetry twist in the spatial cycle, we have
Under a T transformation τ → τ + 1, we can use the known transformation rules of c = 1/2 conformal characters to show that this transforms to
yielding the topological spin of the flux, which we interpreted in the previous section as its symmetry charge. We see that this corresponds to Kitaev's ν = 1 in the 16-fold way [Kit06] , hence a generator of Ω 3 spin (BZ 2 ) = Z 2 by [BGK17] . On the other hand, for (−1) F R , we have
which is the complex conjugate of Z f (+/− L , AP/AP ), yielding an opposite topological spin for the flux, hence ν = −1 and the inverse anomaly theory. In 2nd bosonization, these SPT phases are presented by
respectively. See [BGK17] for a discussion of the group law this data satisfies, which shows that they are inverses. We will rederive these results by studying the symmetry algebra of the bosonized Dirac fermion. First, we will show ν 2 = A for either symmetry. This is interesting because when we realize this system coupled to background gauge field in anomaly in-flow, the Dirichlet constraint for the bulk bosonization gauge fields is
which implies in this case that it's actually impossible to construct twisted sectors of the chiral symmetry in the bosonization! This is because the bosonization of the chiral fermion parities domain wall is not invertible. Indeed, we can compute
is a vector of c = 1/2 chiral Virasoro characters, corresponding to the three sectors of the chiral Ising CFT: 1, , σ. We see from this expression that the bosonization of either chiral fermion parity results in a transformation which squares to a projection operator which projects out the states in the σ-sector. These are precisely the spin-flip-odd states. We can say it another way. It's well-known that the bosonization of the Majorana fermion is the critical Ising chain. The chiral fermion parities get mapped to different realizations of the Kramers-Wannier duality transformation, which rewrites the critical Ising model in terms of the same model but with the spin-flip symmetry gauged. We will show that the spin-flip symmetry couples to B 1 , so that when we fermionize, summing over B 1 , Kramers-Wannier duality becomes a symmetry. We discuss in general an algebraic structure called a groupoid which mixes symmetries and dualities in section 6.
To see that B 1 couples to the spin-flip symmetry, we use the 1st bosonization relations to compute the torus partition function in the background x B 1 = 0, t B 1 = 1:
using the labels from the Kac table of c = 1/2 characters [FMS12] . We see the (1, 2) sector has odd charge while the (1, 1), (2, 1) sectors have even charge. The (1, 2) states are excitations over the spin operator, so B 1 couples to the spin-flip symmetry. Equivalently, the B 1 domain wall is the -defect in the Ising CFT [FFRS04, BGK17] . Now we wish to see the effect of B 2 in second bosonization. Note first that if we turn on a constant B 2 = 1 (without A or C, dB 2 = 0, so B 2 is always constant, either 0 or 1), the spin factor contributes a factor of the topological partition function of the Kitaev wire [KTTW15]:
If we then turn on a mass deformation of the Majorana fermion, the presence of this factor swaps the gapped phases at m > 0 and m < 0. It is known that in bosonization the mass deformation of the Majorana fermion corresponds to tuning the relative strength of the two competing terms in the Ising Hamiltonian, so that the neighboring gapped phases bosonize to the ferromagnetic and paramagnetic gapped phases of the Ising chain.
Let us show this from our perspective, by forming the mass deformation to the trivial phase of the Majorana fermion, for which the partition function may be normalized so Z f (η) = 1. Writing the analog of the bosonization relations (13) for the partition functions, we have
There are two cases:
The first corresponds to the paramagnetic phase (the domain wall is massless and B 1 is deconfined) while the second corresponds to the ferromagnetic phase (the domain wall is massive and B 1 is confined). Thus we see that for a particular choice of relevant deformation of the 2nd bosonization, changing the value of B 2 changes which of the two neighboring gapped phases this deformation flows to.
It remains to compute ν 1 (A). To do this, we have to study the chiral fermion parity domain wall. It is well-known [CH85] that this domain wall supports a Majorana zero mode. When two domain walls fuse together, the two zero modes are collected into a single Dirac Fock space which has two basis states with opposite fermion parity, the occupied and un-occupied states. Fusion vertices for symmetry defects need to be non-degenerate, so the symmetry chooses one of the states in this Fock space. Furthermore, they must fuse to a state of definite fermion parity, since fusion is local. Thus, there are two fusion channels: bosonic and fermionic.
When the fusion results in the bosonic state, we have ν 1 (A) = 0, and when it results in the fermionic state, we have ν 1 (A) = A 2 . Indeed, in the latter case, after we sum over spin structures the B 1 domain wall is bound to this fermionic particle, so we obtain a domain wall junction A ⊗ A = B 1 , indicating a nontrivial extension of G by Z 2 .
It appears that whether ν 1 (A L ) = 0, ν 1 (A R ) = A 2 R or whether it is the opposite may be a matter of convention. Maybe this is not the case and the Majorana fermion has some way of deciding the fusion vertex. However, we can at least show that they always have to be opposites. For instance, suppose two (−1) F L domain walls with Majorana zero modes c 1 , c 2 , labelled from left to right, come into contact, pairing by a Hamiltonian term ic 1 c 2 .
Then, applying reflection symmetry, these become (−1) F R domain walls now pairing by the opposite term −ic 1 c 2 , since c 1 and c 2 anti-commute. Thus, the ground states of these pairing terms have opposite fermion parity.
Time Reversal Anomalies in 2+1D
We will comment on our expectations for time reversal T 2 = (−1) F anomalies of 2+1D fermionic systems in bosonization. This is done by analogy with the above discussions, although some detail is missing. To complete the story will require a deeper understanding of bosonization in 3+1D than has been so far acheived, mostly because of difficulties in understanding the generalized Gu-Wen-Freed equation. This leaves ν 0 a mystery. However, we can describe ν 3 , ν 2 , ν 1 and how they modify the time reversal symmetry algebra of the anomalous theory upon bosonization. This is enough to determine such anomalies up to a bosonic anomaly (namely w 1 (T X) 4 ∈ Ω 4 O ). Recall that such anomalies (equivalently 3+1D topological superconductors) are classified by Ω 4 spin (BZ 2 , ξ) = Z 16 , where ξ is a sum of three copies of the sign representation σ [KTTW15] . This group is computed by the AHSS as an iterated extension [Kit15] of
Thus we expect the root phases (ν odd) to have
This means that the time reversal "domain wall" carries an odd number of p + ip superconductors. This is what we know from the boundary of the odd ν topological superconductors, that breaking T in two different ways on the boundary produces a domain wall carrying a c = 1/2 mod 1 chiral mode, which can be thought of as the boundary of a p + ip superconductor which forms the bulk domain wall [FCV13] . Analogous to the situation for the Majorana fermion in 1+1D, we see that in bosonization, we'll have
which implies A = dB 3 mod 2, so we cannot place the bosonized theory on an unorientable manifold. We expect that this means that time reversal symmetry is realized as an anti-unitary duality of the bosonized theory. This is a concrete prediction, since the boundary of the ν = 1 topological superconductor may be realized by a massless free Majorana fermion in 2+1D. We expect that the bosonization has an anti-unitary "self-duality" inherited from time reversal of the Majorana fermion, which becomes a symmetry once we gauge the E 2,3 2-group symmetry.
One such bosonization of the 2+1D massless free Majorana is SU (2) 2 ChernSimons theory coupled to a massless adjoint scalar φ [MVX17] 6 . We expect the BZ 2 symmetry coupling to B 1 is the center symmetry of the gauge field and B 2 couples to the Z 2 symmetry φ → −φ. This bosonization realizes the Majorana as the critical point between the ν = 3 (SU (2) 2 ) and ν = 4 (double semion) topological theories in Kitaev's 16-fold way [Kit06] . When we take B 3 ∈ Z 0 (X, Z) to be a constant m ∈ Z, it means we apply m p + ip superconductors and then bosonize (see the discussion around B 2 for the 1+1D Majorana). This changes the bosonization to one realized as a critical point between phases 3+m and 4 + m in the 16-fold way.
We expect all of these theories are dual by various combinations of particlevortex/level-rank dualities [HS16] . ν 3 (A) = A indicates that time reversal must be composed with such a duality in bosonization. Indeed, it takes SU (2) 2 + φ to SU (2) −2 + φ, which realizes a critical point between ν = −4 and ν = −3 and we must compose with a certain duality to return to a transition from ν = 3 to ν = 4. When we gauge the E 2,3 symmetry of the bosonization, this duality becomes a symmetry. It would be very interesting to understand this in more detail.
For anomalies with even ν mod 16, we will have ν 3 = 0. It will be possible to place the bosonizations of these theories on unorientable spacetimes, ie. we expect the bosonized time reversal to act as a symmetry, not a duality. However, (ν 1 , ν 2 ) shall describe how time reversal is nontrivially extended by E 2,3 . In particular, ν 2 ∈ H 2 (BZ 2 , Z 2 ) denotes a group extension of the ordinary sort, while ν 1 denotes an extension of this extended group by the 1-form symmetry 2-group BZ 2 (a Postnikov class for time reversal). Both phenomena have been encountered in studying time reversal symmetry of gapped phases in 2+1D [BC18] .
We leave explicit descriptions of such examples to future work [HKT18] .
Some Comments on Symmetry Groupoids
We have studied how the 1+1D free Majorana couples to a E 2,2 background
The first piece, B 1 is easily understood as a gauge field which couples to a Z 2 symmetry, but how can we understand B 2 ? Likewise in 2+1D, B 3 ∈ Z 0 (X, Z). What are the meaning of these 0-cocycles as "0-form gauge fields", which on connected spacetimes are just constant functions?
We propose that the proper way to think about E 2,2 and E 3,3 are as groupoids, which is like a group with multiple base points [BHW09] . Precisely it is a category whose morphisms are all invertible. Simple groupoids like E 2,2 can be visualized graphically, as in Fig. 1 .
Groupoids typically do not act 7 faithfully on individual quantum field theories. Instead, a groupoid acts on a collection of QFTs T (x), indexed by the objects x of the groupoid. For each morphism f : x → y in the groupoid we have a Hilbert space transformation (either unitary or anti-unitary)
When x = y, this means that the automorphisms of x act as ordinary symmetries of T (x). Indeed, when the groupoid has a single object, it is equivalently just a group and this notion of groupoid symmetry specializes to the usual notion of group symmetry. However, when x = y, U (f ) describes a duality between T (x) and T (y). In this way, groupoid symmetry generalizes both ordinary group symmetry and duality. Note that E 2,2 doesn't contain any dualities but also isn't a group.
The upshot of this is that we bosonize a 1+1D fermionic QFT, we obtain not one bosonic QFT, but two bosonic QFTs, depending on whether B 2 = 0 or 1 (we assume X is connected), each with an action of Z 2 . The theory obtained from B 2 = 0 is the ordinary 1st bosonization (2), while the theory obtained from B 2 = 1 is the 1st bosonization after tensoring with the unique nontrivial 1+1D FSRE phase, the Kitaev wire. One way to summarize this is to say that E 2,2 acts on the bosonizations of any 1+1D fermionic QFT.
In general dimensions we will get several bosonizations the same way by tensoring with the different FSRE phases in that dimension. For instance, in 2+1D we can define infinitely many bosonizations by tensoring with different numbers of p + ip superconductors, which constitute the group of 2+1D FSRE phases Figure 1: The G = Z 2 symmetry action of the chiral fermion parity of the free massless Majorana fermion in 1+1D when bosonized is extended nontrivially by the canonical E 2,2 groupoid symmetry of 1+1D bosonizations, such that the generator of G acts as a duality transformation between two a priori inequivalent bosonizations.
[KTTW15]. In general, E D,D will act naturally on these bosonizations, reflecting the fact that E D,D is a (higher) groupoid whose components are labelled by the different D-dimensional FSRE phases. Recall when we studied the chiral Z 2 symmetry of the 1+1D massless Majorana fermion we found the constraint (27):
We can interpret this as describing an extension of G = Z 2 by E 2,2 as groupoids [BHW09] . The extensionĜ is the groupoid shown in Fig. 1 . When we look at the action ofĜ on the bosonizations we see that the generator of G lifts to a Kramers-Wannier duality between the two Ising chains. The fact that ν 1 = 0 implies that when we perform this operation twice (dualizing A → B → A), we obtain the identity transformation. If ν 1 (A) was nontrivial instead, doing this twice would instead yield the Z 2 symmetry operator.
We can put it another way in 1 + 1D. It is known in conformal field theory that the conformal defects also can capture dualities, such as in [FFRS04] . These defects X can be grouplike, meaning X ⊗ X ∨ is the unit defect, corresponding to the domain walls of ordinary global symmetries. They can also be duality defects, meaning that X⊗X ∨ is a sum of grouplike defects. The sort of groupoidextended G action we're talking about assigns either a grouplike or duality defect X(g) to every element g ∈ G, which respects the fusion rules, meaning X(gh) = X(g) ⊗ X(h). Further, it includes a choice of grouplike defect in
. This defines a group extension of G by the grouplike defects (this is ν 2 ). In higher dimensions we expect a similar structure to be definable.
Appendices
A Derivation of the Twisted Gu-Wen-Freed Equation
In this section, we derive the twisted Gu-Wen-Freed equation (7). We find the same constraint that was recently derived in [LZW18] . A version of the constraint also appeared in the 2+1D pin+ case in [Bha17] . All of the results are so far consistent. This equivalent to deriving the differential
in the Atiyah-Hirzebruch spectral sequence. First of all, by naturality of the spectral sequence, and because it is the first (possibly) nonvanishing differential, this has to be a stable cohomology operation, meaning d 2 ν 1 is linear in ν 1 ∈ H D−1 (X, Ω 1 spin ). We already know in the untwisted case
as has been derived in [GW12, Fre08] . In the general twisted case,
for some universal k 1 , k 2 ∈ Z 2 we need to determine. We can do this by a couple of well-chosen examples. Note that a third possible term k3 2 w 1 Sq 1 ν 1 is actually exact.
A.1 Ω
The first symmetry class we study is time reversal T 2 = 1 in 1+1D. This corresponds to Ω 2 pin− = Ω 2 spin (BZ 2 , ξ), where w 1 (ξ) = A, w 2 (ξ) = 0, and A is the Z 2 gauge field. There is a Z 8 of such phases, generated by the Kitaev string [FK11] .
The E 2 page of the AHSS has
Thus, we find k 2 = 0.
Now we study 0+1D systems with T 2 = (−1) F . This corresponds to Ω 1 pin+ = Ω 1 spin (BZ 2 , ξ) with w 1 (ξ) = A, w 2 (ξ) = A 2 , and A is the Z 2 gauge field. There are no such phases [KTTW15] .
Thus, the d 2 differential has to eat the possible Gu-Wen-Freed phase. We have
It follows k 1 = 1. This concludes our derivation of the twisted Gu-Wen-Freed equation.
B Derivation of the 2nd Bosonization Postnikov Constraint
In this section we study the first differential in the 2+1D AHSS from the Kitaev string part:
spin ) which controls the Postnikov constraint (18). By naturality of the spectral sequence, and because it is the first (possibly) nonvanishing differential, this has to be a stable cohomology operation, meaning d 2 ν 2 is linear in ν 2 ∈ H D−2 (X, Ω 2 spin ). We know that in the untwisted (ξ = 0) case [KT17] that
With a general twist, the most general stable cohomology operation we can write down is
where k 1 , k 2 , k 3 ∈ Z 2 are universal constants (independent of D) to be determined. Because of the universality of this expression, we need only consider a few examples.
First we consider the symmetry class of a unitary, orientation preserving symmetry C with C 2 = (−1) F in 2+1D. It is known that the only phase in this symmetry class is a stack of two p + ip superconductors 8 . This symmetry class has w 1 (ξ) = 0, w 2 (ξ) = A 2 , where A is the Z 2 gauge field. In particular, this means that the possible Gu-Wen-Freed phase in this dimension, coming from
has to be eaten by a differential. There are two possibilities: either d 2 ν 1 = 0 (meaning ν 1 fails the twisted Gu-Wen-Freed equation) or ν 2 = d 2 α for some α ∈ H 0 (BZ 2 , Ω 2 spin ). We have d 2 ν 1 ∈ H 4 (BZ 2 , U (1)) = 0 regardless of k 2 , so it must be the latter. H 0 (BZ 2 , Ω 2 spin ) = Z 2 generated by a constant 0-chain 1, and we have
Therefore, for d 2 α = ν 2 , we must have k 1 = 1. A physical interpretation of this result is that the boundary of the Gu-WenFreed phase has an instanton ν 1 = A 2 where fermion parity is not conserved. However, if we stack a Kitaev string on the boundary, then because of the twist, this instanton acts as a spin structure defect, and the ground state of the Kitaev string flips fermion parity as it passes this defect, fixing the fermion parity conservation.
We note that this differential also eats the possible Kitaev string phase in this symmetry class and dimension, which would have ν 2 = A ∈ H 1 (BZ 2 , Ω 2 spin ). Indeed, since k 2 = 1,
This is an equally good way to derive k 1 = 1 and it makes for a nice sanity check.
B.2 Ω 2 pin+ = Z 2 , k 2 = 0
Next we consider the symmetry class T 2 = (−1) F in 1+1D. This corresponds to Ω 2 pin+ = Ω 2 spin (BZ 2 , ξ), where w 1 (ξ) = A, w 2 (ξ) = A 2 , and A is the Z 2 gauge field. It is known that there is one such phase, and it is a Gu-Wen-Freed phase with ν 1 = A [FK11, KTTW15].
8 A single p + ip has an anomaly. Its action is defined using a 4-manifold filling using the signature form divided by 16 [KTTW15] . With a Z 2 symmetry background with C 2 = (−1) F , called a spin-Z 2 structure, the 4-manifold is taken to have spin-Z 2 structure extending that on the 3-manifold. Closed 4-manifolds with this structure measure possible ambiguity, and since the Enriques complex surface is a 4-manifold with signature 8 and spin-Z 2 structure, we can only consistently use the signature form divided by 8, which is the partition function of two p + ip superconductors. This phase accounts for the entire group of SPT phases in this symmetry class and dimension.
Therefore, the possible Kitaev string phase with ν 2 = 1 must not contribute.
It cannot be the target of a differential so it has to be eaten by either d 2 or d 3 . However, d 3 lands in an empty cohomology group, so we must have Next we consider time reversal symmetry T in 2+1D with T 2 = 1. It is known that there are no phases in this symmetry class [KT91] . The relevant cobordism group is Ω 3 pin− = Ω 3 spin (BZ 2 , ξ) where w 1 (ξ) = A, w 2 (ξ) = 0, and A is the Z 2 gauge field.
First of all, there are no bosonic phases, since H 3 (BZ 2 , U (1) ξ ) = 0. Indeed, the generator without the twist, 1 2 A 3 is actually eaten by the twisted differential (cf. Eq (8)):
Next, the Gu-Wen-Freed phases in H 2 (BZ 2 , Ω 1 spin ) = Z 2 have a possible generator ν 1 = A 2 . However, this generator fails the Gu-Wen-Freed equation (7), serving as a boundary counterterm to the bosonic 3+1D TRS phase w 4 1 . Finally, there is a possible Kitaev string phase with ν 2 = A. This cannot be the target of a differential, and must instead be eaten either by d 2 or d 3 . However, the only class d 3 can land on was already eaten by d 2 of the possible Gu-Wen-Freed phase above. Thus, it must be eaten by d 2 . We have
from which we conclude k 3 = 1. This concludes the derivation of the 2nd bosonization Postnikov constraint.
C A Derivation of the 3rd Bosonization Postnikov Constraint
In this section we derive (20) by studying the first differential in the 2+1D AHSS from the p + ip membrane part:
Note that our spin cobordism is the Anderson dual of the usual spin bordism, so that Ω 3 spin = Z ξ . Since d 2 is the first non-vanishing differential, it is linear in ν 3 , so it takes the form d 2 ν 3 = k 1 Sq 2 ν 3 + k 2 w 2 (ξ)ν 3 + k 3 w 1 (ξ) 2 ν 3 , where k 1 , k 2 , k 3 ∈ Z 2 are universal constants to be determined. We note that a forth possible term w 1 (ξ)Sq 1 ν 3 is actually equivalent to w 1 (ξ) 2 ν 3 because ν 3 is a Z ξ -cocycle. As in the previous appendices, we determine k 1 , k 2 , k 3 by some well-chosen examples.
C.1 Ω
First we consider the symmetry class T 2 = (−1) F in 3+1D, corresponding to Ω 4 pin+ = Ω 4 spin (BZ 2 , ξ) with w 1 (ξ) = A, w 2 (ξ) = A 2 , where A is the Z 2 gauge field. These are the usual 3+1D topological superconductors, and there is a Z 16 classification of them [KTTW15] .
spin ) = Z 2 , so to obtain 16 phases, all differentials must vanish. In particular, this means that the root phases with ν 3 = A we must have
from which we find k 2 + k 3 = 0.
C.2 Ω 4 pin− = 0, k 3 = 1
Next we consider the symmetry class T 2 = 1 in 3+1D, corresponding to Ω 4 pin− = Ω 4 spin (BZ 2 , ξ) with w 1 (ξ) = A, w 2 (ξ) = 0, where A is the Z 2 gauge field. It is known there are no phases in this symmetry class [KTTW15] .
